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Abstract
In this paper we give a method for construction of cubature formulas, for approximate calculations of multiple integral
over regions: the cube, the simplex, surface of the sphere, E
r
n and E
r2
n , by using combinations, or products, of the
generalized Turan quadratures. The case s=0 is given in Mysovskih (Interpolating Cubature Formulas, FM Moskva, 1981
(in Russian)) and Stroud (Approximate Calculation of Multiple Integrals, Prentice-Hall, Englewood Clis, NJ, 1971). We
give the generalized case, s2N [f0g, where values of the integrand and its partial derivatives in the nodes are given. This
method is based on the results from Milovanovic (in: G.V. Milavanovic (Ed.), Numerical Methods and Approximation
Theory III, Univ. Nis, Nis, 1988, pp. 311{328), Milovanovic and Spalevic (Filomat (Nis) 9 (1) (1995) 1{8) and Spalevic
(Zb. Rad. (Kragujevac) 17 (1995) 77{84). Numerical examples are included. c© 1999 Elsevier Science B.V. All rights
reserved.
MSC: Primary 65D30; 41A05
Keywords: Gauss{Turan type quadrature; \Product" cubature; Polynomial of degree
1. Introduction and preliminaries
The purpose of this paper is a construction of cubature formulas for approximate calculation of
multiple integrals, by using the generalized Gauss{Turan quadrature formulas, i.,e., their products. A
way to determine the nodes and the coecients of the generalized Gauss{Turan (or Turan) quadrature
formulas,Z b
a
p1(t)g(t) dt=
2sX
i=0
mX
=1
Ai; g(i)();  2 (a; b); (1.1)
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Z b
a
p1(t)g(t) dt=
pX
k=0

kg(k)(a) + kg(k)(b)

+
2sX
i=0
mX
=1
ALi; g
(i)(); (1.2)
Z b
a
p1(t)g(t) dt=
pX
k=0
kg(k)(a) +
2sX
i=0
mX
=1
ARi; g
(i)(); (1.3)
is given in the papers [6,8,11]. The degree of exactness of the formula (1.1) is 2(s + 1)m − 1:
Formulas (1.2) and (1.3) are the generalized formulas of Lobatto and Radau type. The degree of
exactness of such formulas is 2(s + 1)m + 2p + 1 and 2(s + 1)m + p, respectively. t 7! p1(t) is
a nonnegative weight function on an interval [a; b]R [ f−1;1g. −1<a<b<1 in (1.2), and
−1<a<1 in (1.3).
An iterative process for computing the coecients of s-orthogonal polynomials (whose zeros are
the nodes of the formula (1.1)) in a special case, when the interval [a; b] is symmetric with respect
to the origin and the weight function is an even function, was proposed by Vincenti [16]. He applied
his process to the Legendre case. When n and s increase, the process becomes numerically unstable.
In [6] (see also [3]) a stable method is given for numerically constructing s-orthogonal polynomials
and their zeros. In [8] a numerical procedure was given for nding the coecients in (1.1). In Section
2 we shall present this method in some other form. Some alternative methods were proposed in [14]
(see also [13]) and in [3].
A way for determining the nodes and the coecients of the formulas (1.2), (1.3) was given in
[11].
By using the results performed in [6,8,11] we can compute multiple integrals for some regions of
integration by using products of formulas (1.1), (1.2) or (1.3). As a basis for our construction we
use the results from [10,15]. We shall make a generalization of \product" formulas obtained using
combinations of Gauss quadrature formulas, by replacing these to the generalized Turan quadrature
formulas.
So, we reduce the number of nodes of cubature formulas and we hold their degree of exactness.
Hence, we consider the cubature formulaZ
Rn
w(x1; : : : ; xn)f(x1; : : : ; xn); dx1    dxn =
NX
i=1
X
j2J
Bijf( j)(i;1; : : : ; i; n) (1.4)
which can be constructed by using the combinations or product formulas for regions of dimensions
<n.
w(x1; : : : ; xn) is a nonnegative weight function which is dened on the region RnEn, where En
is n-dimensional Euclidean space. Bij are coecients of the cubature formula (1.4) and
f( j)(i;1; : : : ; i; n) =
@jjjf(i;1; : : : ; i; n)
@xj11    @xjnn
are partial derivatives of the integrand f in the node i  (i;1; : : : ; i; n); where i = 1; : : : ; N . j2 J is
the multiindex with the nonnegative integer components j = (j1; : : : ; jn); jjj= j1 +   + jn.
In the general case: J = J (i); jp 2 Jip ; i = 1; : : : ; N; p = 1; : : : ; n; and Jip = f0; 1; : : : ; 2sipg, sip 2
fs1; s2; : : : ; smg; sl 2N [f0g; l=1; : : : ; m. This case can be considered by using the results from [4,7].
We shall assume, not reducing generality, that J1 = J2 =   = Jn=f0; 1; 2; : : : ; 2sg, where s2N [f0g.
Hence, for multiindex j holds j = (j1; : : : ; jn)2 J = J1      Jn = J n1 .
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The right side of (1.4) contain the values of integrand in nodes and the values of partial derivatives
of order not exceeding 2sn.
The most undesirable property of \product" formulas is that the number of points increases very
rapidly as n increases.
For small n \product" formulas are very useful. For example, if we use product 10-point Gauss{
Legendre quadrature formulas for calculating of a wide class integrands for the 3-cube (3 copies),
where w(x; y; z)  1, we shall obtain cubature with 1000 nodes and with the degree of exactness 19.
Stroud (see [15, p. 25]) is stressing the importance of that formula. But, by using 3-copies of the
Gauss{Legendre{Turan quadratures (1.1) we obtain \product" cubature with 8 nodes, for m=2 and
s=4, of degree of exactness 19, or \product" cubature with 125 nodes, for m=5 and s=1, with the
same degree of exactness. Therefore, in the cases when the partial derivatives of the integrand we
can obtain relative simply, the \product" cubature (1.4) can be use for the approximative calculation
of such integral.
2. A numerical procedure for the coecients in (1.1)
Let d(t) be a nonnegative measure on the real line R, with compact or innite support, for which
all moments
k =
Z
R
tk d(t); k = 0; 1; : : : ;
exist and are nite, and 0>0. In our consideration d(t) = p1(t) dt on [a; b].
By using the results for Hermite’s interpolation (see [1, pp. 163{173]) we shall determine the
coecients in (1.1)
Ai;  =
Z
R
l; i(t) d(t);
where l; i are the fundamental functions of Hermite’s interpolation
l; i(t) =
1
i!
2s−iX
k=0
1
k!
"
(t − )2s+1

(t)
#(k)
t=

(t)
(t − )2s−i−k+1 ; (2.1)

(t) = [(t − 1)(t − 2)    (t − m)]2s+1:
By integration (2.1) over d(t) we obtain
Ai;  =
1
i!
2s−iX
k=0
1
k!
"
(t − )2s+1

(t)
#(k)
t=
Z
R

(t)
(t − )2s−i−k+1 d(t): (2.2)
Denote

i; ; k(t) =

(t)
(t − )2s−i−k+1 = (t − )
i+k[(t − 1)    (t − −1)(t − +1)    (t − m)]2s+1:
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For the degree of 
i; ; k we have
deg(
i; ; k)6 (m− 1)(2s+ 1) + 2s= (2s+ 1)m− 1 = 2sm+ m− 1
6 2sm+ 2m− 1 = 2(s+ 1)m− 1 = 2N − 1;
where N = (s+ 1)m.
Hence, we have
Ai;  =
1
i!
2s−iX
k=0
1
k!
"
(t − )2s+1

(t)
#(k)
t=
Z
R

i; ; k(t) d(t);
i = 0; 1; : : : ; 2s; = 1; : : : ; m; and deg(
i; ; k)62N − 1:
(2.3)
By using the Gauss{Christoel quadrature formula with respect to the measure d(t),Z
R
g(t) d(t) =
NX
k=1
A(N )k g(
(N )
k ) + RN (g);
which are exact for all polynomials of degree at most 2N − 1 = 2(s+ 1)m− 1, the integralsZ
R

i; ; k(t) d(t); i = 0; 1; : : : ; 2s; = 1; : : : ; m; k = 0; : : : ; 2s− i; (2.4)
can be calculated exactly, except for rounding errors. Now, we shall determine the derivatives in :"
(t − )2s+1

(t)
#(k)
t=
; i = 0; 1; : : : ; 2s; = 1; : : : ; m; k = 0; : : : ; 2s− i; (2.5)
exactly, except for rounding errors. The numerical procedure for the coecients (2.3) is based on
the next two results.
Lemma. Let g2C1(E); and D(g) = ER; then
(eg)(0) = eg; (eg)(p) =
pX
l=1
 
p− 1
l− 1
!
g(l)(eg)(p−l); p= 1; : : : :
Proved in [8].
Theorem. Let ; =1; : : : ; m; are the zeros of s-orthogonal polynomial s;nn (the nodes in Eq. (1:1)).
Then, the coecients of generalized Gauss{Turan quadrature formula (1:1) can be expressed in
the form
Ai; =
1
i!
2s−iX
k=0
1
k!
"
(t − )2s+1

(t)
#(k)
t=
Z
R

i; ; k(t) d(t);
i = 0; 1; : : : ; 2s; = 1; : : : ; m; and deg(
i; ; k)62N − 1;
and the derivatives (2:5) in the form"
(t − )2s+1

(t)
#(k)
t=
= (−1)m−[eg(t)](k)t= ;
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where
g(p)(t) =−(2s+ 1)
X
16j6m
j 6=
g(p)j (t); p= 0; 1; : : : ;
with
g(0)j (t) = lnjt − jj; g(p)j (t) = (−1)p−1
(p− 1)!
(t − j)p ; p2N:
Proof. In order to determine the derivatives (2.5) we have that"
(t − )2s+1

(t)
#(k)
t=
= lim
t!
"
(t − )2s+1

(t)
#(k)
:
Denote

0(t) = (t − 1)2s+1    (t − −1)2s+1(t − +1)2s+1    (t − m)2s+1:
Since t ! , it is t 2 (−1; +1), then

0(t) = (t − 1)2s+1    (t − −1)2s+1  (−1)m−  (+1 − t)2s+1    (m − t)2s+1
= (−1)m−  (t − 1)2s+1    (t − −1)2s+1(+1 − t)2s+1    (m − t)2s+1
= (−1)m−
1(t);
where

1(t) = (t − 1)2s+1    (t − −1)2s+1(+1 − t)2s+1    (m − t)2s+1:
We have 
1(t)>0 for t 2 (−1; +1).
Hence, we have
(t − )2s+1

(t)
=
1

0(t)
=
(−1)m−

1(t)
=
(−1)m−
eln 
1(t)
= (−1)m−e−ln 
1(t)
= (−1)m−exp
(
−ln
"Y
j<
(t − j)2s+1 
Y
j>
(j − t)2s+1
#)
= (−1)m−exp
(
−(2s+ 1)
"X
j<
ln(t − j) +
X
j>
ln(j − t)
#)
= (−1)m−eg(t);
where
g(t) =−(2s+ 1)
"X
j<
gj(t) +
X
j>
gj(t)
#
and
gj(t) = ln(t − j); gj(t) = ln(j − t):
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The derivatives of functions gj(t); gj(t) are
gj(t) = ln(t − j); g0j(t) =
1
t − j ; : : : ; g
(p)
j (t) = (−1)p−1
(p− 1); !
(t − j)p ; p>1;
and
gj(t) = ln(j − t); g0j(t) =
1
t − j ; : : : ; g
(p)
j (t) = (−1)p−1
(p− 1); !
(t − j)p ; p>1:
The above formulas can be simply proved by induction.
These formulas we give in the compact form:
g(p)(t) =−(2s+ 1)
X
16j6m
j 6=
g(p)j (t); p= 0; 1; : : :
g(0)j (t)  gj(t) = lnjt − jj; g(p)j (t) = (−1)p−1
(p− 1); !
(t − j)p :
Recently the interest in the nodes and the coecients of the formulas (1.1), (1.2), (1.3) has been
underlined by some papers, dealing with a method of approximation of a function by means of
moment-preserving splines (see [2,5,7]).
3. The n-cube, E
r
n ; E
r2
n
Method of multiple application of quadrature formulas (1.1) is the simplest in the case when the
region of integration is the n-cube
Cn = fx = (x1; : : : ; xn)2En j − 16xi61; i = 1; 2; : : : ; ng;
where w(x)  1, or in more general case w(x)=w1(x1)w2(x2)   wn(xn). We give the case w(x)=1.
The computing over Cn reduces to compute of n one-fold integralsZ
Cn
f(x) dx =
Z 1
−1
dx1
Z 1
−1
dx2   
Z 1
−1
f(x1; x2; : : : ; xn) dxn: (3.1)
Each one-fold integral over interval [− 1; 1] with unit weight function, we compute by the formula
(1.1) Z 1
−1
h(t) dt =
2sX
i=0
mX
=1
A(m)i;  h
(i)((m) );
i.e., Z 1
−1
h(t) dt =
2sX
i=0
mX
=1
Ai; h(i)();
we shall obtain the cubature formulaZ
Cn
f(x) dx =
mX
1 ;:::;n=1
2sX
i1 ;:::; in=0
Ai1 ;1   Ain;nDif(1 ; : : : ; n); (3.2)
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where i = (i1; : : : ; in) and
D(i)f(1 ; : : : ; n) =
@ j i j f(1 ; : : : ; n)
@xi11    @xinn
; j i j = i1 +   + in;
i1; : : : ; in = 0; 1; : : : ; 2s; 1; : : : ; n = 1; : : : ; m:
The formula (3.2) has mn nodes and it is exact for the monomials
f(x) = x11 x
2
2    xnn ; 06i62(s+ 1)m− 1; 06s2N;
and its degree of exactness is 2(s+ 1)m− 1, since it is not exact for x2(s+1)m1 .
In the special case s= 0 we obtain the Gauss product formulas (see [10]).
There are two other important types of integrals for which Cartesian product formulas can be
constructed. The rst of these are the n-dimensional Laplace transformsZ 1
0
  
Z 1
0
exp(−u1x1 −    − unxn)f(x1; : : : ; xn) dx1    dxn;
where ui>0; i=1; : : : ; n. Such integral can be approximated by Cartesian products of one{dimensional
Gauss{Laguerre{Turan formulas of the type (1.1), by writingZ 1
0
e−uxf(x) dx =
1
u
Z 1
0
e−yf

y
u

dy; ux = y:
The region
Rn = fx = (x1; : : : ; xn)2En j 06xi<1; i = 1; : : : ; ng
with the weight function w(x1; x2; : : : ; xn) = exp(−x1 − x2 −    − xn) we denote by E rn .
The region
Rn = fx = (x1; : : : ; xn)2En j −1<xi<1; i = 1; : : : ; ng
with the weight function w(x1; x2; : : : ; xn) = exp(−x21 − x22 −    − x2n) we denote by E r
2
n (see [15]).
Integrals over the entire n-space of the formZ
E r2n
exp(−x12−    − xn2)f(x1; : : : ; xn); dx1    dxn (3.3)
can be approximated by Cartesian products of Gauss{Hermite{Turan formulas of the type (1.1).
4. The n-simplex
Using the method of multiple application of quadrature formula (1.1) we shall construct the
cubature formula for approximate calculation of the integral
I(f) =
Z
Tn
f(x) dx; (4.1)
where Tn = fx2En j xi>0; i = 1; 2; : : : ; n; x1 + x2 +   + xn61g is the standard n-simplex.
For the n-simplex the method of the construction of the \product" cubature (1.4) is more complex
than for n-cube.
106 M.M. Spalevic / Journal of Computational and Applied Mathematics 106 (1999) 99{115
Denote by Tn−1(a) the intersection of the n-simplex Tn and the hyperplane x1 = a. For 06a<1
this intersection is a (n− 1)-dimensional simplex:
x2>0; x3>0; : : : ; xn>0; x2 + x3 +   + xn61− a:
Integral (4.1) becomes
I(f) =
Z 1
0
dx1
Z
Tn−1(x1)
f(x1; x2; : : : ; xn) dx2    dxn: (4.2)
In the integral we introduce the substitution of unknowns xi = (1 − x1)yi, for i = 2; 3; : : : ; n, which
maps Tn−1(x1) on the simplex
Tn−1: yi>0; i = 2; 3; : : : ; n; y2 + y3 +   + yn61:
Now, we can write the formula (4.2) in the form
I(f) =
Z 1
0
(1− x1)n−1 dx1
Z
Tn−1
f(x1; (1− x1)y2; : : : ; (1− x1)yn) dy2 : : : dyn:
In order to compute the integral over x1, we use the formula (1.1) with weight function (1− x1)n−1,
i.e., Z 1
0
(1− t)n−1’(t) dt =
mX
=1
2sX
i=0
A(n−1)i;  ’
(i)((n−1) );
of degree of exactness 2(s+ 1)m− 1. We obtain
I(f) =
mX
1=1
2sX
i1=0
A(n−1)i1 ;1
Z
Tn−1
f(i1)((n−1)1 ; (1− (n−1)1 )x2;
: : : ; (1− (n−1)1 )xn) dx2    dxn; (4.3)
where
f(i1)((n−1)1 ; (1− (n−1)1 )x2; : : : ; (1− (n−1)1 )xn)
=

@i1
@xi11
f(x1; (1− x1)x2; : : : ; (1− x1)xn)

x1=
(n−1)
1
;
where we replace the unknowns yi by xi; i = 2; 3; : : : ; n.
The approximative equality (4.3) becomes exact if f(x) is an arbitrary polynomial of degree at
most 2(s + 1)m− 1, in particular, the monomial x, where j  j62(s + 1)m− 1. Notice that in the
case of the cube such equality holds for a wide class of polynomials: the degree of the polynomial
is at most 2(s+ 1)m− 1 if it is considered as the degree of a polynomial of one unknown x1.
In order to compute the integral over Tn we use Eq. (4.3) to compute the integral over Tn−1 of
the function
F(x2; x3; : : : ; xn) = f(i1)((n−1)1 ; (1− (n−1)1 )x2; : : : ; (1− (n−1)1 )xn): (4.4)
In order to compute the integral over Tn−1 in Eq. (4.3) using integration over x2, we use the
quadrature (1.1) with the weight function (1− x2)n−2Z 1
0
(1− t)n−2’(t) dt =
mX
=1
2sX
i=0
A(n−2)i;  ’
(i)((n−2) ):
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We obtainZ
Tn−1
F(x2; x3; : : : ; xn) dx2 dx3    dxn
=
mX
2=1
2sX
i2=0
A(n−2)i2 ;2
Z
Tn−2
F (i2)((n−2)2 ; (1− (n−2)2 )y3;
: : : ; (1− (n−2)2 )yn) dy3    dyn: (4.5)
Substituting Eq. (4.5) in Eq. (4.3), by using notation (4.4), we obtain the approximate equality
I(f) =
mX
1 ;2=1
2sX
i1 ; i2=0
A(n−1)i1 ;1 A
(n−2)
i2 ;2
Z
Tn−2
f(i2 ; i1)((n−1)1 ; (1− (n−1)1 )(n−2)2 ;
(1− (n−1)1 )(1− (n−2)2 )x3; : : : ; (1− (n−1)1 )(1− (n−2)2 )xn) dx3    dxn; (4.6)
where
f(i2 ; i1)((n−1)1 ; (1− (n−1)1 )(n−2)2 ; (1− (n−1)1 )(1− (n−2)2 )x3;
: : : ; (1− (n−1)1 )(1− (n−2)2 )xn)
=

@i2
@xi22
f(i1)((n−1)1 ; (1− (n−1)1 )x2; : : : ; (1− (n−1)1 )(1− x2)xn)

x2=
(n−2)
2
:
The approximative equality (4.6) becomes exact if f(x) is a polynomial of degree not exceeding
2(s+1)m− 1. We go on this procedure in analogous way to obtain the following cubature formula:
I(f)=
mX
1 ;:::;n=1
2sX
i1 ;:::; in=0
A(n−1)i1 ;1   A(0)in;nf(in;:::; i1)((1); (1; 2); : : : ; (1; : : : n)): (4.7)
In the previous formula we used the notation
(1) = (n−1)1 ; (1; : : : ; l) = (1− 1)    (1− (n−l+1)l−1 )(n−l)l ; l= 2; : : : ; n;
where (l−1) ; A
(l−1)
i;  ; i = 0; : : : ; 2s; = 1; : : : ; m; l= 1; : : : ; n; are the nodes and the coecients of the
formulas (1.1) with the weight functions (1− t)l−1:
Z 1
0
(1− t)l−1’(t) dt =
mX
=1
2sX
i=0
A(l−1)i;  ’
(i)((l−1) ): (4.8)
If we denote (1) = 1; (1; : : : ; l) = (1− 1)    (1− (n−l+1)l−1 ); l= 2; : : : ; n, for computation
f(in;:::; i1)((1); (1; 2); : : : ; (1; : : : ; n))
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we use the recurrence formula (for l= 1; : : : ; n):
f(il;:::; i1)((1); : : : ; (1; : : : ; l); (1; : : : ; l+1)xl+1; : : : ; (1; : : : ; l+1)xn)
=
"
@il
@xill
f(il−1 ;:::; i1)((1); : : : ; (1; : : : ; l−1); (1; : : : ; l)xl; (1; : : : ; l)
 (1− xl)xl+1; : : : ; (1; : : : ; l)(1− xl)xn)
#
xl=
(n−l)
l
:
The cubature formula (4.7) has mn nodes and it is exact for all polynomials of degree not exceeding
2(s+ 1)m− 1. The case s= 0 is given in [10].
In the computation of the integral over the unknown xl we can replace Eq. (4.8) by Eq. (1.3)Z 1
0
(1− t)n−l’(t) dt =
pX
k=0
(n−l)k ’
(k)(1) +
mX
=1
2sX
i=0
A(n−l)i;  ’
(i)(u(n−l) )
which is exact for polynomials of degree at most 2(s + 1)m + p. Then we obtain the \product"
cubature of Turan type for Tn which is exact for polynomials of degree not exceeding 2(s+1)m+p,
whose the number of nodes is (mn+1 − 1)=(m− 1).
5. Surface of the n-sphere
In this section we shall construct the \product" cubature formula for computing the integral
I(f) =
Z
U
f(x) dS; (5.1)
where U is the surface of the n-sphere
U = fx2En j x21 + x22 +   + x2n = r2g:
We introduce n-dimensional spherical coordinates
x1 = r cos’1;
x2 = r sin’1 cos’2;
x3 = r sin’1 sin’2 cos’3;
...
xn−2 = r sin’1 sin’2    sin’n−3 cos’n−2;
xn−1 = r sin’1 sin’2    sin’n−3 sin’n−2 cos’n−1;
xn = r sin’1 sin’2    sin’n−3 sin’n−2 sin’n−1;
(5.2)
where 06’i6; i= 1; 2; : : : ; n− 2; 06’n−1<2, and r is the radius of the sphere U . An element
of a surface dS is equal
dS = rn−1 sin n−2’1 sin n−3’2    sin’n−2 d’1    d’n−1;
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so that integral (5.1) becomes
I(f) = rn−1
Z 
0
  
Z 
0
Z 2
0
f(r cos’1; r sin’1 cos’2; : : :)
 sin n−2’1 sin n−3’2    sin’n−2 d’1    d’n−1: (5.3)
In Eq. (5.3) the region of integration is an (n − 1)-dimensional parallelepiped, so we compute the
integral over every unknown by using a quadrature formula.
Let f(x) be a polynomial of degree not exceeding q= 2(s+ 1)m− 1. Then the integrand in Eq.
(5.3) is the trigonometric polynomial of degree not exceeding q of the unknown ’n−1.
As the result of integration (5.3) over (see [10]) ’n−1; ’n−2; : : : ; ’n−k−1, where 06k6n − 3,
we obtain an (n − k − 2)-fold integral in which the integrand, considered as function of ’n−k−2,
represents the product of sink+1’n−k−2 and the trigonometric polynomial of degree not exceeding q,
which depends only in cos’n−k−2. This polynomial we shall denote by Pq( cos’n−k−2).
We compute the integral over the unknown ’n−1 in Eq. (5.3) by the quadrature formula of
rectangles with q+ 1 = 2(s+ 1)m nodes. Because f(x) is a polynomial of degree not exceeding q,
by using this formula we have that the quadrature sum has exactly the same value as our integral.
In order to replace the integral over ’n−k−2Z 
0
sin k+1’n−k−2Pq(cos’n−k−2) d’n−k−2; 06k6n− 3; (5.4)
by the quadrature sum, we introduce the substitution of unknowns of integration t = cos’n−k−2.
Now, the integral (5.4) has the formZ 1
−1
(1− t2)k=2Pq(t) dt: (5.5)
The exact value of this integral we can obtain by using the quadrature formula (1.1) with the weight
function (1− t2)k=2 over interval [− 1; 1], with m nodes
Z 1
−1
(1− t2)k=2h(t) dt =
mX
=1
2sX
i=0
A(k)i;  h
(i)((k) ): (5.6)
Denote
F(r; ’1; ’2; : : : ; ’n−1) =f(r cos’1; r sin’1 cos’2; : : :
: : : ; r sin’1 sin’2    sin’n−2 cos’n−1; r sin’1 sin’2    sin’n−2 sin’n−1);
i.e.,
F(r; ’1; ’2; : : : ; ’n−1) =f(r cos’1; r
q
1− cos2’1 cos’2; : : :
: : : ; r
q
1− cos2’1
q
1− cos2’2   
q
1− cos2’n−2 cos’n−1;
r
q
1− cos2’1
q
1− cos2’2   
q
1− cos2’n−2 sin’n−1); (5.7)
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and consider the cubature formula
I(f) = rn−1 
(s+ 1)m
2m(s+1)X
j=1
mX
1 ;:::;n−2=1
2sX
i1 ;:::; in−2=0
A(n−3)i1 ;1   A(0)in−2 ;n−2
F (i1 ;:::; in−2)

r; ’(1)1 ; : : : ; ’
(n−2)
n−2 ;
j
(s+ 1)m

; (5.8)
where ’( j)n−k−2=arccos 
(k)
j , and 
(k)
j ; A
(k)
i; j , are the nodes and the coecients of the quadrature formula
(5.6), and
F (i1 ;:::; in−2) =
@j i jf
@(cos’1)i1    @(cos’n−2)in−2 ; i = (i1; : : : ; in−2); j i j =
n−2X
k=1
ik :
The cubature (5.8) is exact for all polynomials f(x) of degree at most q = 2(s + 1)m − 1. It has
2mn−1(s+ 1) nodes. For r = 1 it reduce on the cubature for computing of integral over unit surface
of the sphere
Un−1 = fx2En j x21 + x22 +   + x2n = 1g:
If s= 0, then formula (5.6) is the Gauss quadrature and q= 2m− 1 and then formula (5.8) has the
well-known form with A(l)0;k =C
(l)
k (see [10]). In order to compute the integral (5.5) we can use the
quadrature (1.2) with xed nodes −1; 1, i.e., the formula
Z 1
−1
(1− t2)k=2h(t) dt =
l−1X
l1=0
[(k)l1 h
(l1)(−1) + (k)l1 h(l1)(1)] +
2sX
i=0
TX
=1
AL(k)i;  h
(i)(u(k) );
for k = 0; : : : ; n− 3; i.e.,Z 1
−1
(1− t2)k=2h(t) dt =
l−1X
l1=0
(k)l1 h
(l1)(−1) +
2sX
i=0
TX
=1
AL
(k)
i;  h
(i)(u(k) )
+
l−1X
l2=0
(k)l2 h
(l2)(1) =
MX
i=0
T+1X
=0
AL
(k)
i;  h
(i)(u(k) ); (5.9)
where M =maxfl− 1; 2sg; u(k)0 =−1; u(k)T+1 = 1; and
AL
(k)
i;0 = 
(k)
i ; A
L(k)
i; T+1 = 
(k)
i ; i = 0; 1; : : : ; l− 1:
In the case M = l− 1 we have AL(k)i;  = 0; i= 2s+ 1; : : : ; l− 1; = 1; : : : ; T; and for M = 2s we have
AL
(k)
i;  = 0; i = l; : : : ; 2s; = 0; T + 1:
In order to obtain the required exactness of formula, we determine the number of internal nodes
T from the condition 2(s+ 1)m− 1 = 2l+ 2(s+ 1)T − 1.
Hence,
T = m− l
s+ 1
; l>1; s>0:
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If m− l=(s+ 1) is not integer, then we take
T =

m− l
s+ 1

+ 1;
where
[x] = k if k6x<k + 1; k 2Z:
So, we obtain that quadrature (5.9) is exact for polynomials of degree not exceeding q=2(s+1)m−
1 = 2[(s+ 1)T + l]− 1. We assume that formula (5.9) contains at least one inside node, i.e., T>1:
By using the formula (5.9) we obtain the cubature formula for the computation the integrals (5.1)
I(f) = rn−1 
l+ (s+ 1)T
2[T (s+1)+l]X
j=1
T+1X
1 ;:::;n−2=0
MX
i1 ;:::; in−2=0
AL
(n−3)
i1 ;1   AL
(0)
in−2 ;n−2
F (i1 ;:::; in−2)

r;  (1)1 ; : : : ;  
(n−2)
n−2 ;
j
(s+ 1)T + l

; (5.10)
where  ( j)n−k−2=arccos u
(k)
j ; and u
(k)
j ; A
(k)
i; j , are the nodes and the coecients of the quadrature formula
(5.9), and u(k)0 =−1; u(k)T+1 = 1, and
 (0)n−k−2 = arccos u
(k)
0 = ;  
(T+1)
n−k−2 = arccos u
(k)
T+1 = 0: (5.11)
If m − l=(s + 1)2N , then the cubature formula (5.10) is exact for all polynomials of degree not
exceeding 2[(s+ 1)T + l]− 1: In particular, we obtain well-known case s= 0 (see [10]).
The number of nodes of the cubature (4:10) is equal to (see [10])
2  T
n−2 − 1
T − 1 + 2[T (s+ 1) + l]T
n−2 for T>1;
and 2(n+ s+ l− 1) for T = 1: In particular, for l= 1; s= 0, we obtain that T =m− 1 (see [10]).
Remark. In this paper for all cubature formulas of the type (1.4) the number of nodes is given. For
arbitrary dierentiable function g(x1; : : : ; xn) the number of partial derivatives
@jijg
@xi11    @xinn
= g(i1 ;:::; in)(x1; : : : ; xn); i = (i1; : : : ; in); jij=
nX
k=1
ik ;
is equal to (2s+ 1)n.
Therefore, the number of pieces of information in the general case, which is necessary for the
construction of cubature formula of the type (1.4), is equal to product of the number of nodes and
(2s+1)n. But, this number is much smaller in the case when the partial derivatives of the integrand
f (e.g., f  h(const + x1 +   + xn); Rn is Cn; Ern; E r
2
n ) we can obtain relative simply.
6. Numerical results
We shall give numerical results obtained by using the presented methods. Programs are realized
in double precision arithmetics in Fortran 77.
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Table 1
m N J1 (approx.) J2 (approx.)
2 8 8.081743540 2.152125644
4 64 8.081734972 2.152142832
Table 2
s m J 2 re
0 2 2:14729950900164(+00) 2:3(−03)
4 2:15213587467580(+00) 3:2(−06)
6 2:15214281704728(+00) 7:2(−09)
8 2:15214283255165(+00) 2:1(−11)
10 2:15214283259575(+00) 6:7(−14)
2 2 2:15214271815470(+00) 5:3(−08)
4 2:15214283259589(+00) 3:1(−15)
Table 3
s m I1 re
0 2 0:244672317833714(+01) 7:0(−02)
4 0:262995641883225(+01) 1:3(−04)
6 0:263029168893065(+01) 8:0(−08)
8 0:263029190032698(+01) 2:6(−11)
3 2 0:263029189994123(+01) 1:7(−10)
4 0:263029190039469(+01) 6:6(−15)
Example 6.1. As examples of calculations of integrals over 3-cube by using the presented method,
we give two integrals which were computed approximately by the Gauss{Legendre quadrature for-
mulas in [15, p. 26]:
J1 =
Z 1
−1
Z 1
−1
Z 1
−1
exp(sin x sin y sin z)dx dy dz  8:081734973;
J2 =
Z 1
−1
Z 1
−1
Z 1
−1
(4 + x + y + z)−1dx dy dz
=
49
2
ln 7− 75
2
ln 5 +
27
2
ln 3  2:152142833:
The results of computing were given in [15, p. 26] in Table 2:2, where m and N = mn are the
numbers of nodes of quadrature and corresponding \product" cubature, respectively. But, if we
apply the product of Turan formulas with s= 1, then we obtain the results from Table 1.
In the computation of J1 it is very complicated to nd the large number of partial derivatives of
the integrand. The formula (3.2) can be useful in the computation of J2, because we can nd the
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Table 4
(s; m) i k Ai; 2k−1 Ai; 2k
(3; 2) 0 1 8:8622692545276(−01) 8:8622692545276(−01)
1 1 7:2903776343434(−01) −7:2903776343434(−01)
2 1 3:3478113681933(−01) 3:3478113681933(−01)
3 1 9:4096130094284(−02) −9:4096130094284(−02)
4 1 1:7712996481810(−02) 1:7712996481810(−02)
5 1 2:0465354356412(−03) −2:0465354356412(−03)
6 1 1:2724647699713(−04) 1:2724647699713(−04)
(3; 4) 0 1 7:0422860942159(−04) 8:8552269684334(−01)
0 2 8:8552269684334(−01) 7:0422860942159(−04)
1 1 4:4969278081891(−04) 4:1776258770168(−01)
1 2 −4:1776258770168(−01) −4:4969278081891(−04)
2 1 1:3039401521543(−04) 1:5581808028331(−01)
2 2 1:5581808028331(−01) 1:3039401521543(−04)
3 1 2:1681270308913(−05) 2:9550007173193(−02)
3 2 −2:9550007173193(−02) −2:1681270308913(−05)
4 1 2:1801755639369(−06) 4:9233401991992(−03)
4 2 4:9233401991992(−03) 2:1801755639369(−06)
5 1 1:2588244540083(−07) 4:0119653385263(−04)
5 2 −4:0119653385263(−04) −1:2588244540083(−07)
6 1 3:3055696035013(−09) 3:2695745858100(−05)
6 2 3:2695745858100(−05) 3:3055696035013(−09)
(5; 4) 0 1 3:5075994218475(−05) 8:8619184945854(−01)
0 2 8:8619184945854(−01) 3:5075994218475(−05)
1 1 3:0808674400851(−05) 6:3597262663775(−01)
1 2 −6:3597262663775(−01) −3:0808674400851(−05)
2 1 1:2738983782335(−05) 2:8794650017784(−01)
2 2 2:8794650017784(−01) 1:2738983782335(−05)
3 1 3:2547947590883(−06) 8:3647282380803(−02)
3 2 −8:3647282380803(−02) −3:2547947590883(−06)
4 1 5:6825912974772(−07) 1:8634547605006(−02)
4 2 1:8634547605006(−02) 5:6825912974772(−07)
5 1 7:0802961302138(−08) 3:0575270359531(−03)
5 2 −3:0575270359531(−03) −7:0802961302138(−08)
6 1 6:3766329970540(−09) 4:0485196931704(−04)
6 2 4:0485196931704(−04) 6:3766329970540(−09)
7 1 4:1017032882718(−10) 3:9490403635085(−05)
7 2 −3:9490403635085(−05) −4:1017032882718(−10)
8 1 1:8057190234391(−11) 3:1310264402909(−06)
8 2 3:1310264402909(−06) 1:8057190234391(−11)
9 1 4:9228594863034(−13) 1:5694334661946(−07)
9 2 −1:5694334661946(−07) −4:9228594863034(−13)
10 1 6:3338158171086(−15) 6:2638748096023(−09)
10 2 6:2638748096023(−09) 6:3338158171086(−15)
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Table 5
(s; m) k 2k−1 2k
(3; 2) 1 −1:47163154930008 1:47163154930008
(3; 4) 1 −3:39775181391495 −1:07593499971067
2 1.07593499971067 3.39775181391495
(5; 4) 1 −4:17539301745464 −1:32159754739331
2 1.32159754739331 4.17539301745464
Table 6
m s I2 re
2 0 1:47797376841749(+01) 7:9(−04)
1 1:47680134236034(+01) 2:2(−08)
3 0 1:47678720680436(+01) 9:6(−06)
1 1:47680137457638(+01) 1:1(−13)
5 0 1:47680137444811(+01) 8:7(−11)
1 1:47680137457653(+01) 3:8(−15)
partial derivatives of arbitrary order of integrand very easy. We have that all partial derivatives of
order k over x; y or z are:
(−1)kk!(4 + x + y + z)−(k+1); k = 1; 2; : : : :
In Table 2 the results of the computing the integral J2 by using cubatures (3.2) for s= 0; 2, and
some m are given.
With J 2 we denoted the value of the integral performed with cubature formula (3.2) and re is the
relative error. Numbers in parentheses denote decimal exponents. The exact value of the integral J2,
except for rounding errors, is 2:15214283259589(+00):
Example 6.2. The results of computing the integral, for s= 0; 3, and some m,
I1 =
Z 1
−1
Z 1
−1
Z 1
−1
e−x
2−y2−z2cos(x + y + z) dx dy dz;
whose exact value is I1=
p
e−3=4=2:63029190039467(+00), by using the cubature formulas (3.3),
are given in Table 3.
Because of all partial derivatives of the integrand f(x; y; z)= cos(x+y+ z) are simple, \product"
cubature of Turan type is simple to apply and it give the good results for a relative few number of
nodes. For s= 3 we need the partial derivatives fk; (k = 1; : : : ; 18):
fk =f2j = (−1) jsin(x + y + z) (j = 1; : : : ; 9);
fk =f2j−1 = (−1) j−1cos(x + y + z) (j = 1; : : : ; 9);
where fk is an arbitrary partial derivative of order k of the integrand.
In this example the cubature formula (3:3) is the product of 3 Gauss{Hermite{Turan quadrature
formulas of the type (1.1) with p1(t)= exp(−t2) dt on (−1;1). In Table 4 the weight coecients
of these formulas for some s; m are given by using the method from Section 2.
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In Table 5 the appropriate values for the nodes  are given by using the method from Section 2
in [3].
Example 6.3. The results of computing of integral, by the formula (5.8),
I2 =
Z Z
U2
ex3 dS;
whose exact value, except for rounding errors, is I2 = 1:47680137457653(+01); over the unit of
surface of the sphere U2,
U2 = f(x1; x2; x3)2R3jx21 + x22 + x23 = 1g;
for s= 0; 1, and some m, are given in Table 6.
7. For further reading
[9,12]
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